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THE ESSENTIAL NORM OF A COMPOSITION OPERATOR ON THE 
MINIMAL MOBIUS INVARIANT SPACE 

THEMIS MITSIS AND MICHAEL PAPADIMITRAKIS 



Abstract. We derive a formula for the essential norm of a composition operator on the 
minimal Mobius invariant space of analytic functions. As an application, we show that 
the essential norm of a non-compact composition operator is at least 1 . We also obtain 
lower bounds depending on the behavior of the symbol near the boundary, and calculate 
the order of magnitude of the essential norm of composition operators induced by finite 
Blaschke products. 



r\ , Let ro c (D be the open unit disk. For a e D, we put 



^ ■ Vaiz) = 1 — —, zeT). 



The minimal space ^ (or analytic Besov- 1 space) is defined to be the set of all analytic 
functions / on D for which there exist a sequence of points a„ € D, and a sequence of 
complex numbers A - (/l(«))|^j e ^' such that 



/(z) = 2^(«)^„„(z). 



n=l 



(N 
> 

in 

<^ 

Q>^ . So, a function in ^ has an "atomic" decomposition as a sum of Mobius transformations. 

Tij" ' We norm ^ by 

O ; ll/IU =inf|lWlf. ■.f^Yj^(n)ipa„, forsome^e^i,a„ eroi. 

The minimal space was introduced and extensively studied in fTl, where it was shown 
that if one defines appropriately the notion of a "Mobius invariant space", then ./# is the 
smallest one. In fact, its norm is stronger than the norm of any other such space. Note that 
functions in ^ extend continuously to the boundary, so ./# is a "boundary regular" space. 
C^ I Moreover, as shown in IJ_|, ./# coincides with the set of all analytic functions on D with 

integrable second derivative. More specifically, there exists a constant C > such that for 
every / e ^ 

C-' lirili < ll/-/(0)-/'(0)z|U < C||/"||i, 
where 

Wf'h^ ^^\f"{z)\dA{z), 

D 

and dA is normalized area measure. Every / e ^ can be recovered from its second 
derivative by means of the formula 

fiz) = /(O) + /'(O) ^ - ^ ^/"(ff) dA{a). 
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In what follows, for positive x,y, the symbols x =^ y and x <y mean C 'x <y < C x and 
X < Cy respectively, where C > is an absolute numerical constant, not necessarily the 
same each time it occurs. 

Now let i// be an analytic map of D into itself. It is clear that the composition operator 

is bounded if and only if 

(1) SUp||(^„o|/r)"||i < oo. 

M<l 



Of course, this is equivalent to 

dA < +00. 



sup (I 

Iffkl J J 



1 - lap „ ^_ 1 - lap , ,.' 



{\-ail/y {l-aij/y 



D 

In |[T] the authors prove that this is equivalent to 

,|2 



together with 



rc 1 - kp 

sup =—^\llJ \dA<+co 

\a\<\Jj ll-ffl/ 



sup rr ^i^'i^^A 

\a\<\JJ ll-aiAl 



< +00. 

|1 -ai/rp" ■ 

D 

One direction of this equivalence is, of course, trivial and the other direction is done in fl] 
by proving, via interpolation with the Dirichlet space, that, if C^^, is bounded on ^, then 
the second of the last two relations holds and hence also the first. Here is an alternative 
proof. If C^ is bounded on ^, then, since 

1/(0)1 + ^|/'Pfl'A<||/|U, 



D 



we get that 



This is equivalent to 



rr (1 - \a\ 



12^,2 

' ' llfr'fdA < +00. 



rr (I _ |q,|2)2 
sup — — ^-4-n^(z) dA(z) < +00, 
\a\<iJJ ll-azr 



D 

where n^(z) is the cardinality of the inverse image of z under tfr. Now, it is standard to show 
that this is equivalent to 

sup —J II n^iz) dA(z) < +00, 

S(I) 

where / ranges over all arcs on the unit circle T, |/| is the length of /, and S (/) is the usual 
Carleson square over /. Finally, it is also standard to show that this is equivalent to 

rr 1 - lap 

sup - — =—rn^(z)dA{z) < +00, 
\a\<iJj |l-azP 



which is equivalent to the original 

sup ( I ^- 



2 

2 



|(/rTc/A < +CO. 



^•AP 



A sufficient condition for the boundedness of C^, involving the integral means of iff", 
has been obtained by Blasco in ||2l, extending a series of partial results in [1|. As far as 
compactness is concerned, the minimal space satisfies the conditions of theorem 2.1 in |4J, 
therefore C^ is compact if and only if Hi/'IU < 1- Moreover, Wulan and Xiong proved in 
ITTI that C^ is compact if and only if the "little Oh" version of ([T]l holds, namely 

Um \\(ipa°0'\h =0. 

Here we are interested in estimating the essential norm of C^ which is defined to be the 
distance of C^ to the subspace of compact operators, that is 

IIQII, = inffllQ - K\\ :/: compact}. 

We will prove the following asymptotic estimate. The result in Q is, of course, a special 
case. 

Theorem 1. Let C^ : ^ — > ./# be a bounded composition operator. Then 

IIQIL - limsup||((^„ o(/r)"||i := lim sup ||(^„ o i/r)"||i. 

|o-|^l ^^' \a\>s 

In the proof we will make use of a simple observation: A bounded sequence /„ e ^ 
converges to zero in the weak-* topology if and only if it converges to zero uniformly on 
compact sets. To see this, note that by 1 1 1, the pre-dual of ^ may be identified with the 
little Bloch space. More specifically, every element A of the dual of the little Bloch space 
can be represented as 

A(fc) = Ay(/7):=</7,/) + /7(0)7(0), 

for some / e ./#. Here 

{bj) ^ ^^ b'J dA, 

D 

is the invariant pairing. Now for a,z € D let 

baiz) =log- —. 

\ - az 
Then ba is a little Bloch function. So, assuming that /„ is weak-* null, we have that 
I^f„{ba -1-1)^0 for all a. However 



I^f„{b„ + \)^{b,J„) + f„{Q), 



and a calculation shows that {b„, f„} = f„(a) - f„(0). Consequently, /;, — > pointwise. 
Since /„ is bounded, an application of Cauchy's theorem shows that we actually have 
uniform convergence on compact sets. To prove the converse, it is enough to show that 
Ay;(z*) — > for k = 0, 1,2, . . ., because polynomials are dense in the little Bloch space. 
However, 



A^,(l) = /«(0), Ay„(z*) = (z*,/„) = 



(k-iy. 



Proof of theorem\I\ For/? 6 (0, 1) we will use the notation 

L« = {z e ro : |iA(z)| <R], f/s - {z e D : |(A(z)l > ^|. 
To prove the lower bound 

(2) IIQII. >limsup||(v'„°i/')"lli, 

choose a sequence a„ e D with la,,! -* 1, such that 

limsup||(vj„ o (/r)"||i = lim||(<^„„ o i/r)"||i, 

and let K : ^ -^ ^ be a compact operator. Without loss of generality, we may assume 
that "^Kifa,, - f\\^ — > 0, for some / e ^. Then 

(3) IIQ - K\\ > ||Q^„„ - K^aJU > \\(Va„ ° <A)" - /"111 - ll^^<.„ - f\U- 

We may further assume that /" is not identically zero, otherwise Q follows from ([3]) upon 
taking the limit as n ^ oo. Now let e > 0, and fixR e (0, 1) such that 

jj\f"\dA<e. 

Ur 

On the other hand 



^ 1 - \an? 



lA +2fl„-; ^— -7(lA) 



(ll<A"lll+ll«A'll2)- 



dA 



~ {\-Rf 
Therefore, for n large enough 

^ |(^„„ o ^)'VA < i ^ l/'VA. 

Lr Lr 

Consequently 

||(^„„ o ^)" - /"III = ^ |(^,„ o ^)" - /'VA + ^ |(^„„ o ^)" - /'VA 



> 



JJ \f"\ dA-JJ \(<pa,. o iA)"l dA + JJ \(Va., o iA)"l dA - . 



Lr Lr Ur 

>\\(<Pa„o4r)"\U-S. 

It follows that 

||C^-/i:||>limsup||(^„o,^)"||, -e. 
kHi 
The idea of the preceding argument is that for a close to the boundary, ((fa o i/')" and /", 
have, loosely speaking of course, "disjoint supports". 
To prove the upper bound 

IIQII, <limsup||(^<,o,/,)"||i, 

kvHl 

let E, s,R,R' G (0, 1) with R < R', and for/(z) = 2^=0 «*^* ^ ^ let 

" / k \ 
T„f(z) = y 1 akz', Pfiz) = flo + aiz. 



Then T„f — > / in ^ and \\T„f\\^ < \\f\\^ by yj. Since r„ and P are compact operators, 
we have that 

IIQII. < IIQ - C^T„ - PiC^ - C^T„)\\. 

Now choose /), 6 ^ with \\fn\\^ < 1 such that 

\\C^ — C^T„ — P(C^ — C^Tn)\\ < \\(C^ — C^T„)f„ — P{C^ — C^T„)f„\\^ + e. 

By Alaoglou's theorem and the observation preceding the proof of theorem [T] we may 
assume that there exists / G ^ such that /„ -^ / uniformly on compact sets. Now 

(4) IIQII, < IKQ - C^T„)f„ - P{Q - C^T„)f„\U + e < ||(Q/„ - C^T„f„)"\\i + e 
= ff \ifn o (A - T„f„ o ^)"| dA + ff |(/„ o ip - T„f„ o ^)"\ dA + e 

= /i + /2 + e. 
To estimate /i , we use the reproducing formula 



(/„ o (/r - T„f„ o i/r)"(z) 






<A)"fe)(/«-7'«/«)"(c^)fl'A(a). 



Then 



h < 



sup I I |(^„ o t/r)"| c/A + sup \\{ipa o l/r)"||i 
|q'|<5 J J \a\>s 



^^l(/«-7'«/«)'V)MA(a). 



For Iq-I < i we have 



^|(^„o^)'VA = ^ 



|(^„o^)'VA 



1 - \a\' 



rif/" + 2a- 



1 - lah 






(<A')^ 



c/A 



Moreover 



Therefore 



ff R l^-^" ~ ^"■^"^"^''^1 ''^^"^ ~ 11^-^" " T„f„)"\\i < \\f„ - T„f„\U < 2. 

(1 - sy J J "• ' ia\>s 



To estimate h, note that 



jj (!/„' o ^ - (T„f„y o ^1 . |,A"i + 1/,;' o ^ - (T„f„)" o ^1 . i^f ) flfA 



L« 



< c«,^- sup \f„(z) - f(z)\ + \\T„f - f\u (w'h + mil) ■ 

\\z\<R' I 

So, taking the limits as « -^ oo, 7? — > 1, i — > 1, e -^ (in the indicated order), (|4| gives 

WC^We <limsup||(i^„0(/r)"||i. 



We remark that the "standard" way to prove lower bounds for the essential norm is to 
choose an appropriate normalized sequence /„ which converges weakly to zero. Then 

IIQIIf >limsup||Q/„||. 

n 

In our case such a sequence does not exist because the minimal space has the Schur prop- 
erty, that is, weak convergence is equivalent to convergence in the norm. Indeed, ^ is 
isomorphic to the Bergman space A' (see, for instance, |9J). But A' is isomorphic to /"', 
IS), and the latter space is known to have the Schur property. It might nevertheless be 
instructive to give a more direct proof of the fact that ./# and t"^ are isomorphic. Using 
standard decomposition arguments one shows that there exist a sequence of points a„ € D, 
and a sequence of functionals A„ e ^* such that the operator 



T -.(^ ^ ^, TA^Y_i '^<^") '^«"' 



is onto, and the operator 

S:J^^{\ Sf^(A„(f))Zi, 
is an isomorphic embedding. This implies that 

^' =ker(r)®5(^). 

Thus, 5(./#) is complemented, therefore, by a theorem of Pelczynski O, it is isomorphic 
to £\ Actually, we don't even need to know that .^ and ^' are isomorphic in order to 
establish the Schur property. Here is a completely independent proof. Suppose toward a 
contradiction that /„ is a sequence such that /„ — > and ||/„ ||i — 1. Weak convergence 
implies uniform convergence on compact sets, therefore we can find a subsequence /t,, and 
an increasing sequence R„ e (0, 1) such that 

jj |/£(z)| dA(z) < ^, JJ IA':(z)| dA(z) > ^. 

|z|<«„-i «„_i<lc|<R„ 

Now choose real functions &„ so that 
and put 



^«-i < kl < Rn, 



'-Z' 



"X{z:R„-,<\z\<R„]- 



Then h G L'^{D), hence 



A/,(/) 



-ff 



f'hdA, 



is an element of . 



However 



//^.■: 



hdA 



JJ /;:(z) „'■«"(•'> rfA(z) 



R„-i<\z\<R„ 



JJ l/;:(z)l«'A(z)-JJ|/£( 



|z|<R„-i 
9 1 1 

' To "To "To' 



(z)\dA(z)-JJ m'MdAiz) 

\z\>R„ 



contradicting A/,(/iJ -^ 0. 



We further remark that one may use the argument in the proof of the lower bound in 
theorem[T]to show that if i/r induces a bounded composition operator on the Bergman space 
A' then 

IIQIIe >limSUp||M„o|/r||i, 

where 

1 - |g|' 
(l-az)3 
Combining this with the growth estimate 



Ua(z) - - — =-3, a,zeD. 



\f(z)\ 



(1 - lz|2)2 
for / in A ' , we obtain 

1-laP 



IIQII, >Hmsup, 

This complements a result due to Vukotic [5|, who proved that in the case of the reflexive 
Bergman spaces A'', p > 1, we have 

/ l-lap -^^'" 
IIQII, >limsup - — — - 

H^i \l-|iA(o')ly 

Moreover, using the techniques in the proof of the upper bound in theorem [T] and the 
decomposition 



/ = y A(n)ua„, Aee\ a^eD, 



«=i 

for functions in A ' , we can prove the corresponding upper bound for composition operators 
on A\ namely 

IIQIL- <limsup||M„o(/^||i. 

Iff HI 

We omit the details. 

Returning to the minimal space, we have already mentioned that the result in [4| implies 
that if IliAlloo - 1 then C^ is not compact. We will now show that something much stronger 
holds. Namely, the essential norm of C^ is at least 1. We will need the following. 

Lemma 1. Let f € ^ be such that /(O) - /'(O) = and /(I) - 1. Then for every 
< r < 1/2 we have that 

jJ\f"\dA>r, 

where 

a = k : kl < r} U y [z, 1]. 

\z\<r 

Proof. An integration by parts yields 

|/(l-e)|-e|/'(l-e)|< f (I - u)\f"(u)\du, 
Jo 

for small e > 0. Letting e — > and using the fact that / is in the little Bloch space, we get 

1 < I (l-u)\f"(u)\du. 



Therefore 



^^-^[jT-^ ff \f"(z)\dA(z)du 
nr^ Jo (1-m) J J 

\z-u\<(l-u)r 

1 rr fiz-ii/(i-'-) (it 1 rr 

<— \f"(z)\ -dA(z) < - \f"(z)\dA(z), 

^r^ JJ J\,-i\/(i+r) t r JJ 



J\z-l\/(l+r) 

and we are done. □ 

Corollary 1. Let C^ be bounded. /fHiAlU = 1 then \\C^i,\\e > 1. 

Proof. By automorphism invariance, we may assume that (/((O) = and ^(Y) - 1. Let 
yS„ = 1 - 1 /« and consider the functions 

1 -(1 -fi„)g'„(Pn) 

where 



1 - il^ilSn) 

Then f„(0) - /„'(0) = and /„(!) = 1. So, using lemma[I]with, say, r = 1/2, we get 



D D 



1 < 

^ ii-(i-/?„)§;,(j6«)i 

By the Schwarz-Pick lemma 






Therefore 

1 - \^ ^ Jjl(^w„) ° 'A)"fe)MA(z). 

D 

Letting « ^ +oo we obtain 

IIQII. > 1. 

Note that ||C,/,J|f. < ||C^f,||", where i^„ is the n-fold self-composition tfr„ = t//o ■ ■ ■ otfr. So, we 
actually have 

IIQII. >1. 



This is reminiscent of the situation in H'", where the essential norm of a non-compact 
composition operator is exactly 1, see lH). In our case, however, ||C^||c may take on arbi- 
trarily large values. 

Theorem 2. If B is a Blaschke product of degree n then WCsWe — \\Cb\\ — n. 



Proof. To prove the essential norm estimate, we may assume that B(0) = because 
hmsup \\(ipa ° B)"\\i - Hmsup ||((^„ ° ifi3° B)"lli 

for any fixed/? e D, and moreover (/)^ o B is a Blaschke product of degree n. Then 
Using the change of variable formula for n-valent functions and subordination, we estimate 



2q' (1 - |a| ) -; — =r-—-T + (l-\a\ ) ■ 



(l-aBiz))^ ' (l-aBiz))^ 



dA{z). 



D 



dAiz) 



'-'«''>//F^!F-«^'-H=>'""//a 



D 



2. 



\\B"\ui - i«r) log 



e 



l-|QfP' 

Therefore 

limsup||(i^„oB)"||i ^n. 

To prove the norm estimate, we write 

B^Yl^j, 

7=1 

where ^j is a Mobius function ipa times a unimodular constant, and introduce the notation 



Vk- 

k*j 



Then 



Hence 






|-|^^^Zi<i^Z'^^'^ 



lfil Y i l^«^l 



Consequently 



Therefore 



IIBIU - ^ |B"I «'A + |B(0)| + |B'(0)| < n. 



sup IICbII = sup sup \\ipa o B\\^ = sup \\B\\^ < n. 

B B \a\<\ B 

Since ||Cb||p < ||Cb||, we see that ||Cb|| is in fact comparable to n. 

Note that the argument in the proof of theorem|2] shows that if ||iA^"|U < °° then 

IIQIIe < lim sup n^(z). 

kl^i 

This leads to the conjecture that, at least for "nice" symbols, we have 

IIQIIe ^ limsupn^(z). 

IzHl 
9 



We do not know how to prove (or disprove) this. We will, nevertheless, show that the lower 
bound in corollary[T]can be improved under certain assumptions on the valency of if/ near 
the boundary. First, we need some preparation. Let \jj e .-# and 

QOS; w; s) = {z:\z-p\< s] U |J [z, w], 

Ic-/S|<s 

where {z : \z - /3\ < s] Q D, w e D and s < ^\w - /3\. We also let a - iff(J3) and we apply 
lemma [T] after a trivial normalization, to get 



// 1<^- 



a - if/{w) 



o iA)"(z)| dA{z) > cos 
Where cq is an absolute constant. In particular, if |w -y6| > 1 - |/3|, then 



«A'(j6) 



jj \(<f>aOlf;)"(z)\ 



Co, 



dA{z) > yd - \/3\) 



(w-/3)(l-a(/r(w)) lap-l 



n(/3;w;iJ^) 



(w-/3)(l-aiA(w)) lo-p-l 



Lemma 2. Let ^ € T and suppose that i//{() e T. Then, for every sequence ji„ converging 
to (, if we put a„ — tff(J3„) we have that either 

limsup^^l^ jJ |(0„,_o^)"(z)|jA(z)>^ 



lim sup 



l-\Pn\ 



JJ \(<Pa„o0'(z)\dA(z)>j 



n(fi„:w;^) 



for all w e ro. 

Proof. To get a contradiction we assume that 

\C-Pn\ 



Hm sup ^-^ JJ |(0„„ o ^)"(z)\ dA(z) 



Co 



n(fi„;(;^^) 



and 



hm sup ^-|^ JJ |(0,„ o ^y'(z)\ dA{z) < J 



l-\Pn 

for at least one vv e D. These imply 
1 



- >limsup|^-j6„| 



«« - ^{0 



>f^'(J3n) 



and 



Adding, we get 



and, hence. 



- >limsup|^-/?„ 



(^-A,)(1-^«A(0) KP-1 



1 > lim sup 



(w-/3n)il-'^t/^(w)) \a„\^-l 
c^n-m) {(-/3„)ia„-i/,iw)) 



l--^ilr(0 (w-/3„)(l-^>p(w)) 
1 > 1. 
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Now, let < f < 1 and n € M. A point ^ e T is called an (n; t) value of i// if there are 
(i, . . .,(„ e T and a sequence of points »„ converging to ^, such that for each a,„ there 
existy8„,j, . . . ,/3„,j, so that 



and 



4'(fim,\) - ■■■ - l^(J3m,n) - a„, 
1 - ^mji 



>t (!<;■< n). 



l6-y8m,;l 

In such a case, it is obvious that jSm.j —> (j(l < j < n) and that 

(A(^i) = ■ ■ ■ = <A(^«) = ^■ 

So, geometrically, ^ can be approximated by points whose preimages lie within a fixed 
number of Stoltz domains. 

Theorem 3. If there is at least one (n; t) value ofij/, then ||C|^||e > ^nt. 

Proof. It is obvious by lemma|2] that for each j - 1 ,...,« we can choose a fixed Wj so that 
either Wj e D or Wj - (j and so that, for some subsequence »„,; (and the corresponding 

subsequences y6„,jj(l < j < n)), all regions f2(y6,„j.j; w^; — ^^^^)(1 < j < n) are mutually 
disjoint and so that 

Um^sup jj |(0„„,^ o ^)"(z)\ dA(z) > jt. 
Adding in j, we see that 



IIQII, > hm mp jj \(cf>a,„^ o ^)"(z)| dA{z) 



Co 

> —nt. 
4 
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